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High-Frequency Sum-Rule Expansion for
Relativistic Quasi-One-Dimensional Quantum
Plasma Dielectric Tensor

R. O. Genga'
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A high-frequency sum rule for all elements of the relativistic spinless quasi-one-
dimensional quantum plasma response tensor at T=0K is derived. It is found
that the frequency of oscillations is reduced by the relativistic effect.

1. INTRODUCTION

High-frequency sum-rule expansions of the full response tensor of
nonrelativistic and relativistic quantum plasmas in the absence of magnetic
field are known (Genga, 1988a, 1992a,b). However, in the presence of an
external magnetic field the only known results are those applicable to
nonrelativistic situations (Genga, 1988b, 1989).

In this work I consider the high-frequency behavior of the full dielec-
tric tensor in an anisotropic system of a relativistic quantum plasma with
spinless particles of density 10%° particles per unit volume at 7=0 K in the
presence of an external magnetic field up to order @ > The work is related
to the Malmberg-O’Neil experiment where a strongly coupled electron
plasma is generated.

In laboratory plasmas, unlike in the astrophysical case, the radiation
effect is not appreciable, and hence is negligible. I apply the Hamiltonian
formalism to derive the high-frequency sum rules as in the nonrelativistic
case. Further, as in the magnetic-free case (Jancovici, 1962; Genga, 1992b)
an electron may jump from one state inside the Fermi sphere to an un-
occupied state due to interaction, thus leading to the creation of a “Fermi
hole” behind. The jump of an electron from a negative-energy state to an
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occupied positive-energy state leads to the creation of a positron-electron
pair; the positron is a hole that is called a “Dirac hole.” In this case the
interaction is a purely Coulomb one (Goldstone, 1957). The system is
therefore described by a set of unperturbed states which allow for positrons
and electrons.

The method of derivation is reviewed below. In Section 2 the general
relationships between the external or current—current response function
sum-rule coefficients and those of the dielectric tensor are reviewed and the
exact ™2 o 3, w™*% and w > sum-rule coefficients for the transverse
element are obtained. The long-wavelength limit of the results and their
possible implications for the dispersion relation of plasma modes are
considered in Sections 3 and 4, respectively.

The total electron current at point X, is given by

Jx) =5 LIV 8(x—x)+3(x—x) V) 8

where V, is the group velocity of the particle i. The total energy of a free
spinless particle is given by (Johnson and Lippman, 1949; Genga, 1992a,b;
Berestetskii et al., 1978; Baym, 1974; Sakura, 1987; Bjorken and Drell,
1964)

E = (IT%c* + m?c*)'? (2)
where

Mm=p—< A°(r)— ¢ A(r) (the generalized momentum)
¢ ¢
0 1 0 :
A =3 Bxr (the external vector potential)

and A(r) is the self-consistent vector potential.
From equation (2) we find that

v,— JE(P)
oP
Ic?
I/m
AT @
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In Fourier transform language, this equation becomes
e ez]v -1 v AV
Ji@)> =ejt(0)) =~y T di(w) (5)

where y ! is the relativistic term defined as

R N
(14 T1%/m?c*)*?
42\ 12
= (1 +?> (6)
with
u=1II/m (7)

as the nonrelativistic phase velocity of the particle. Equation (7) is arrived
at after taking first the Fourier transform of equation (1) followed by its
expectation value since we are interested in the response function of the
electron system. By applying perturbation theory (Pines and Noziéres,
1966; Genga, 1988a,b, 1989), it is found that

Gl@)y = —5F 01 0| TI(z) |n><n] T ,(0) 10>

4

1
* I:(U _wn()(p, Y4 + hk/2) + ”1

1
— AV 8
w—wno(p,p—hk/z)m] k) ®)
where
Hﬁ:% (V?evk-xi+e—ik-x,v;1¢) 9)
with
Vi=y M/m (10)

From equations (5) and (8) it is found that conductivity tensor o*
becomes

2

GW(kw)=%[xﬂv(kw)-anl T’,:”:| (11)
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where y*'(kw) is the electron response tensor defined as

2*(kew) =3 <O} TI{(z) [n> (nf IT*,(0) 10>

np

1 1
* [w — ol py pHAK2)+ i © — w,0(p, p—Hk/2) + in}

(12)

In terms of the polarizability tensor, equation (11) becomes

62
o (kw)y=1i o (kw)
>
zﬁy’lT’,ﬁ”—k&’“(kw) (13)
where
Likw)

@ (ko) = dme® =55 (14)

The matrix elements and excitation frequencies that appear in
equation (14) are those appropriate for a system of electrons with
Coulomb interactions.

2. TRANSVERSE SUM RULES

As in the nonrelativistic case, the complete modified polarizability
tensor &**(kw) is expressible in terms of corresponding “external” qualities
o (kw),

d(ko) = d(kw)(A —a(ko)) L A (15)
where
A=1-nT
noke (16)
w
SR
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with

10
I1=(0 1 (unit vector) (17)
0 0

- o O

@*'(kw) is known to possess a high-frequency sum-rule expansion of the
form

- Q. (k)

HW (Y= — i+l

ko)== %S (18)
/=odd

_— o (k

o= - 3, Y (19)
=2
{=even

as in the nonrelativistic case; the superscript H denotes “Hermitian part
of”; prime and double prime denote “real part of” and “imaginary part of,”
respectively. As in the nonrelativistic case the Q#(k) coefficients are
obtained from the relation

Qr (k) = (4ne?h' =) Y. { [0l p—#k/2)]' 2

x O] TI(r) [n)<n| IT4(0) |05 — [ —w,o(p, p +#k/2)]' "2
x <Ol T (0) [n)<n| TI(7) 10>}, o (20)

The high-frequency expansion of @*'(kw) is similar to that of &*'(kw) as
given by equations (21) and (22) with Q% (k) replacing the corresponding
Q4 (k). The relationship between the two sets of coefficients up to /=4 is
the same as for the nonrelativistic case.

The Hamiltonian of the system that satisfies equation (20) is given by

!
H=Y2V4+- Y U(x,—x)
i 2 21'?]'
.
L]
£17 gty L Uk ) (1)
i+J

where U(|x;—x/|) is the velocity-independent interaction potential between
a pair of particles.

We now turn to the calculation of the frequency moments (up to
[=4). It is known that in an anisotropic system, in the presence of an
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external magnetic field, the dielectric tensor has six independent elements
and, therefore @* is nondiagonal. In this case Both even and odd moments
of O (k) exist. The real diagonal and off-diagonal elements satisfy the
symmetrics condition

Qr (k)=07 (k) (22)
and the imaginary off-diagonal elements satisfy the antisymmetric condition
QL (k)= —Qp (k) (23)

as in the nonrelativistic case.
The first moment yields

X (O TIE(x) [ <] TT*_,(0) 10
oy Z[ Onolpr p +FK12)

4 SOLITY (0 I ) <l Ti(x) |0>]
W0 P, p —Fik/2) .

=y 2Ly (24)

=0

where

(25)

The second moment leads to

4ge?

5'(k =-——Z [<O] TI{(x) [n > <n| T, (0) 10

o

- <0| 1”4 (0) [n><{nl TI(2) 105 ] -0

2ne?

=~ <O} (@), T (0)] 105 — [T, (0), IIE(1) 1105 3. o

Oc

e
=iy 0l ——"—mc e (26)

The third moment is given by
= fik )
8500 =15 [0 p=T5 ) <O1IE(E) In> ol TI400) 10)

+ Wpo <p, P+h > O[T (0) {n > <n| TT{(x) |0>]
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2
=2 o] [[TI4(e), O, T4 (0)1+ LLIT (0), HY, TIE)T [0 |-

2 (] ~
_ —4wgeB{L x uWVi o 9 “WVL
=y k*{0]| ¢ xa+8 6x”+6 pn
eB? w?eB?
N 1 VM 0 4 4 nky anv
+ i 2mc(x x*)10> —vy e f
0 eB®
X (0] = +iz—Lx" 10>
ox* 2me
2 BO BO
_ v—4(_u_2£.._’lk"8#ﬂ°¢<0l _if_'LXu 0>
me ox*  2mc
w?eB® o2
'l af sl 2, BO‘I +'~’171ﬁ5
Y —l—'lzmc k*k#<0| 2mce(eB,) e or ey ar
0 eB°
eV T opno uy2 0
i A —12mc(x) 10>
2
4 eB 27v 0y —1 a iooanBa B
— wlz’i—n—fck k*{0| 2mc(eB;) i 61”+18 By i
eB°
_ gponpae T opHX 7 #32 0
¥y o7 e 2mc(x) 10>
2 0
a4 ZEBYI x].-o BO -1 gjeamvax T
7w, 2mck k*{0| 2mc(eB,) o or X P

_ is“’“‘x“ i_f_ [6”’7“(1“)2 S — SMVX”ZV] fgg ,0)
ay" 2mc

1
+ 7 %030 LI;V+—NZLsV(Sk7q—_Sk) 10> (27)
q
The fourth moment leads to

=~ 47'562 fik > v
o700 =25 o (5. p-5) | @M im0 0

A\ ) P
[ o p+ )] ol mri0) 0T 00

dre?

=
— [[[T"_(0), H], H], IT% (0) 1105 |- —o

1=0

O] [L[IMg(r), H], H], IT” . (0)]
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~ _y6 %k%m £y ie—ﬁ')c—j
by Lo ey L
+ e“"“%:% (x”)25%+i8”””1%§2—; 2>
+ ey 10> e 2B g g 1 g = ;Xa
o B 8 T B 0y
— y—G%k“kKO[ i%a““’?%@?+%8w’%xﬁ ai“
N l';guan;_g'l_jz (X492 05 — 56 %f—(')lk“k“(m i6£“"°‘a§;—f
+ 3gv"“e—B?txv ai“HBW% “5%—1'1;8"””% (x")?
+ i (y" — x*) %%(; 0>+ iy“‘wz% <OJ Ly
5 L LIS, -5 [0 (28)

q

In order to obtain an explicit expression for ﬁﬂ {k), I choose the k system
in which (Genga, 1988b)

k=(0,0, k)
B?=B’sin 0
(29)
B,=0
B,=B%cos 6
and
q.=qgsinfcosd
g,=qsin 0 sin 0 (30)

q,=qcosb
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The components of the external magnetic field given by equation (29) are
obtained when the Landau gauge 4°= (0, B%x — ZB°, 0) is applied.

3. LONG-WAVELENGTH LIMIT

In the long-wavelength limit, equations (27)—(31) lead to the following
elements of the frequency moments:

Qll QZZ_O

Qf’:y_lwf,
QPR(k)= —Q2 (k)= iy 2w2Q cos §
QP(k) = —QP(k) =i w’Qsin 0

=~ 260
Q}' (k)= — 52 Eeorsk?

QP (k)=0

~ 2
Qiz(k) = - 15 '))‘2 TVIE E‘corrk2

3P 4
BP(k) =70t —y “—ﬂ( ——yZEm)kz

m m 15
= N 20) /3P 16
Qk)= —Q2 (k)= —iy*s%‘;—ﬂ—( E EyzEm,r> k2 cos @
~ 02Q (15P" 24
QBKk) = —Q(k) = *6—8-';1—( — lsyzECO">kzsin9 (31)

where [0) is of the form (Genga, 1988b)

0% =(21) "2 A~ Te(y — yo)*/44> + iP,/h (32)
with
PR
T mQ
b= 2ep,
0 e
(33)
y=B,x— B z= -
e
oo eB°
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4. RELATIVISTIC EFFECT

The relativistic effect on the undamped high-frequency, quasi-one-
dimensional quantum plasma waves at 7= 0 K is determined in this section
by using the high-frequency sum rules (HFSRs). The high-frequency modes
of interest are the “ordinary” and “extraordinary” modes propagating
both along and across the external magnetic field; the extraordinary
mode under consideration is the one with cutoff frequency w,=
SO+ (1+4w2/Q%)'].

4.1. Propagation Parallel to Magnetic Field
It is known (Genga, 1988b, 1989) that here only the longitudinal and
the extraordinary modes exist.

4.1.1. Longitudinal Mode

The behavior of longitudinal plasmons is known to be determined by
the dispersion relation

exs(kw) =1+ as(kw)=0 (34)

When a small perturbation is applied to the dispersion relation the ensuing
plasmon frequency is obtained to be of the form

2 4
R e O ) L S

where Er is the lowest Landau level nonrelativistic particle kinetic energy
defined as '

(0
PY
2m

F=

(36)

The correlation term is seen to be of the order y? greater than the quantum
term.

4.1.2. Extraordinary Mode

The dispersion relation that determines the behavior of the extra-
ordinary mode is known to be of the form

[e11(kw) —n*1* —ely(kw) = 0 (37)
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Equation (37) leads to the ensuing frequency of the form

oK)=y 02 [ 14252 (2427 D p Yo (38)
3 w3 15mws "

It can still be seen that the correlations enhance the positive refractive
dispersions for finite k; however, the correlation term is now smaller than
the refractive term by a relativistic factor of y ~% Further, it can be seen
that the ensuing frequency of oscillations is reduced by the relativistic
factor as given by equation (35) and (38), respectively.

4.2. Propagation Perpendicular to Magnetic Field

In this case it is known that only a pure transverse mode, called the
“ordinary mode,” and a coupled transverse-longitudinal mode, known as
the “extraordinary mode,” exist. The dispersion relation for the ordinary
mode is given as

e (kw)—n’=0 (39)

whereas that for the extraordinary mode is given by

[£2(kw) —n?] 533(1“0)_3%3(1“0):0 (40)

4.2.1. Ordinary Mode

When a small perturbation is applied to the dispersion relation it is
found that there is no shift in frequency due to correlations.

4.2.2. Extraordinary Mode

In this case the ensuing frequency of oscillation after a small perturba-
tion is applied to the dispersion relation is given by

2 2 —4 1
w2:y~lw§ {1+y1/2 I::.?—L<3EF_——Y2ECOH>:I kZ} (41)

> mw) 15

The correlation term is seen to enhance the negative quantum dispersion
for finite k£ as in the nonrelativistic case. However, the correlation is now
larger than the quantum term by a relativistic factor of y Further, the
ensuing frequency of oscillation is reduced by the relativistic factor as
shown in equation (41).
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